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Abstract. Let <I> be the Knizhnik-Zamolodchikov associator and ^l/jv be its analogue 
for A^th roots of 1. We prove a hexagon relation for ^4. Similarly to the Broadhurst 
(for <E'2) and Okuda (for 'I'4) duality relations, it relies on the "supplementary" (i.e., 
non-dihedral) symmetries of — fi4{C) (i.e., the octahedron group S4). We also derive 
relations between 3> and ^"2, which are analogues of equations, found by Nakamura and 
Schneps, satisfied by the image of the morphism Gal((Q/Q) — » GT. 
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Introduction 

For N > 1, let ^'Ar(^|6[C]i C ^ MJv(C)) be the generalized associator defined as the renor- 
malized holonomy from to 1 of 

idH)H-' = i^+ J2 7%)^^' (1) 

C6Miv(C) 

i.e., 5* AT = H^^Hq, where Hq,Hi are the solutions of (1) on ]0, 1[ such that Hq{z) ~ 
when z 0+, Hi{z) ~ (1 — when z ^ 1^ and A, b[C] (C e ^n{'C)) are free variables. 
When iV = 1, we set b[l] = B, and ^'i(A|&[l]) = ^'(A, _B) is the KZ associator. ^fjv can be 
viewed as a generating series for the values at iVth roots of unity of multiple polylogarithms. 

In [E] , we found some relations satisfied by ^'a? (the pentagon and octogon relations) . As 
in [Dr], these relations give rise to a torsor and a graded Lie algebra 0rtmO(A^). We have a Lie 
algebra morphism 0rtmc)(A^) — > grt, where grt is the graded analogue of the Grothendieck- 
Teichmiiller Lie algebra ([Dr]). The octogon relation is based on the dihedral symmetries of 

^ ^iN{<c). 

However, for special values of iV, the automorphism group of — ^jv(C) is larger than 
the dihedral group Dn- These values are N — 1, 2,4. The resulting supplementary relations 
are: (a) when = 1, the duality and hexagon relations ([Dr]); (b) for N = 2, the Broadhurst 
duality relation ([Br]); (c) for = 4, the Okuda duality relation ([0]) and the relation of 
Section 1. In cases (a) and (c), the octogon relation is then a consequence of the duality and 
hexagon relations, as the octogon can be cut out in two neighboring hexagons. 

In the second part of the paper (Section 2), we derive relations between $ and ^'2, which 
are analogues of identities in the image of the morphism Gal(Q/Q) GT found in [NS]. 
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One can check that all these relations give rise to subtorsors of the torsors studied in [E] 
and to a Lie subalgebra 0rtmO'(A/^) C flrtmJ)(iV) for 2|A^ and 4|A''. However, the morphism 
0rtmc)'(-/V) — > Qxt is surjective if the final questions of [Dr] are answered in the affirmative. 

1. A HEXAGON RELATION FOR ^'4 

For TV > 1, we denote by fw+i the Lie algebra with generators A, C, b[(], ( € /iAr(C), with 
only relation A + J2cenN(C) ^K] + C = 0, and by fAr+i its degree completion (the generators 
all have degree 1). Then belongs to the group exp(f7v+i). 

If S' C PHC) is finite, lot V := Spanc(&[.s], s e S)/C{J2sgS ^W)- Let T C PSL2(C) be the 
group of all the automorphisms preserving S. Then F acts on V by cr(6[s]) = fo[fT(s)], and 
the form X^ses ^I^l dln(z — s) is F-invariant. 

In particular, if 5* = {0, 00} U /iAr(C), then F acts on fw+i and on the set of solutions of 
(1). In that case, F D Dn, where -Djv is the dihedral group of order A'', and Djv C F iff 
N = 1,2,4. 

When N = 4, S is the octahedron {0, 00} U ^4(C) and F = 64. Then F is presented by 
generators s.t and relations s'^ = f* = (.st)^ = 1, where s : z 1-^ and t : z iz (here 
i = V— 1) . The corresponding automorphisms of are given by 

s:A^ 6[1] b\i], b\i] ^ A, b[-l] ^ b[-i], b[-i] ^ C, C ^ 

and t : A ^ A, C ^ C, 6[C] ^ b[iQ (recall that C^-A- Ece^C) ''K])- 
Recall that ^4 = H^^Hq, where Ho{z), Hi{z) are the solutions of 

{dH)H-^ = i^+ Y: ^Mz, (2) 

on ]0, 1[ with behavior Hq{z) ~ z^ when z ^ 0+ and Hi{z) ~ (1 — z)'''^] when a; — > 1~. 

Proposition 1.1. \E'4 satisfies the following liexagon relation^ 

(2A)^s2(v|/4)(2A)*W,s(vI/4)(2A)*[il*4 = 1. (3) 

Proof. Let ifo+ > -f^i- ) -f^i+io+ ; -f^i+o+ 1 -f^i-io+i -f^io+ be the solutions of (2) in T := {2 e 
C|Re(2;) > 0,Im(.2) > 0, \z\ < 1} — {0,1, i} with asymptotic behaviors Hq+{z) ~ z^ when 
z 0+, ffi-(z) ~ (1 - when z -> 1", Fi+io+(z) =i {^f^^^ when z 1 + iO+, 

ff,+o+ {z) ~ (0 - when z^i + Q+, Hi_io+ {z) ~ (^)''[^1 when z-^i~iO+, Hio+ {z) ~ 
(z/i)^ when z ^ zO+. 

Let us still denote by Hq, Hi the prolongations of Hq, Hi to T. Then wc have Hq+{z) — 
Ho{z), H,-{z) = H,{zi H,+,oAz) = siHois-Hz)))2'^^\Hi+o+{z) = s{H,{s-\z))), i/i_io+(^) 
s2(ifo(s-2(z)))2''W, H.oAz) = s2(i/i(s-2(z)))2-^. 

Thenwehaveffi- = i?o+*r\ ^l+^o+ = ^^i-*'''', ^z+o+ = ^i+»o+2-'Ws(*4 i), i/,_,o+ = 
if,+o+i''W, i?^o+ = -ffi_io+2"''l'ls^(*4^)2-^, iJo+ = Hio+i"^. These equalities imply the 
hexagon relation. □ 

For completeness, we recall that 5*4 satisfies the Okuda duality relation ([0]): 

sti^i) = 2-'^*4 i2-^W, (4) 

where st is the automorphism of order 2 given hy A ^ b[l], b[i] b[—i], b[—l] C. In [E], 
we showed that ^'4 satisfies the octogon equation 

*jii2*W(st2s-i)(*4)«^(s-'is-')(*l')i'^''>i(*4)i^ = 1, 



^If n is a pronilpotent Lie algebra, a; G n and o S C \K-, then := exp(a: ln(a)), where In(a) is chosen 
with imaginary part in ] — tt, 7r[. 
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but as mentioned in the Introduction, this equation is a consequence of (3) and (4). Together 
with \l/4 also satisfies a mixed pentagon equation; ^4 satisfies a group-likeness condition, 
and the following distributivity relations: 

where for d\A, 774^, 644 ■ U+i ^ fd+i are defined by 7r4d(A) = d'A, 7r4d(6[C]) = b[C^'], S4d{A) = 
A, S4d{b[C]) = b[C] if C € and = otherwise; here d' = 4/d. The generator of fi+i 

is denoted by B. 

Remark 1.2. (duality for ^^2) When N = 2, S = {0, 00, 1, —1} is the square and T = D4. 
Then T is presented by generators p,a and relations p'^ = = (ap)^ = 1. The inclusion 
-D4 C 64 C PSL2(C) is given by a 1-^ st, p i—^ . In [Br], formula (127), Broadhurst showed 
the duality relation 

o-(«'2) =2--^*2-i2-''[il. (5) 

Explicitly, the involutive automorphism a of fa is given hy a : A ^ b[l], h[—l] ^ C = 
-B-h[l]-h[-l]. 

Since cr o ^42 = ^42 o [st), the Okuda duality relation (4) for ^'4, together with the distri- 
bution relation ^2 = <542(^4), implies the Broadhurst duality relation (5) for "^2- 

2. Relations between $ and '^2 

In this section, we set 5o = bi = b[—l]. 

2.1. The relation ^{A,B) = 2^ 2{A\B , - A - S)2^. Let A,B be free noncommutative 
variables. Recall that ^{A,B) = G^^Gq, where Go,Gi are the solutions of 

{dG)G-^ = {- + -^)du, (6) 

such that Go{u) ~ as m ^ 0+ and Gi{u) ~ (1 — u)^ as u ^ 1~. 

If A,bo,bi are free noncommutative variables, recall that ^2{A\bQ,bi) = H^^Hq, where 
Ho, Hi are the solutions of 

such that Ho{z) ~ 2;^ as ^ 0+ and Hi{z) ~ (1 - z)^° as z ^ 1~ . 

Then $(A, B) e cxp(f2) and '^2{A\bo, bi) S exp(f3), where % (resp., fs) is the topologically 
free Lie algebra generated by A, B (resp.. A, feo, ^i)- 

Proposition 2.1. LetA,B be free noncommutative variables. Then 

$(A,B) = 2^^-2(^15, -A- B)2^. (7) 

Proof. The Broadhurst duality relation (5) may be written as '^2{bo\A,—A — bo — 
61) = 2_A*2 ^(^l^o,6i)2"''°. Then if we substitute 60 ^ B, bi -A - B, we get 
^'2(S|.4,0) = 2-^'^^^(A\B, -A - B)2-^. The relation then follows from the distribution 
relation *2(^|^, 0) = ^{B,A) and from the duality relation ^{B,A) = $(A, 5)"^ 

A direct proof is as follows. ^2{A\B, -A-B) = Hi^Ho, where ^0, Hi are the solutions 

of 

such that Ho{z) z"^ as z ^ 0+, Hi{z) ~ (1 - z)^ as z ^ 1~. 
Set u := 2z/iz + 1). Then + ^ - ^)dz = (^ + ^)du. 

If follows that G{u) is a solution of (6), then H{z) := G(u(z)) is a solution of (8). In 
particular, one checks that ^o(^) = Go{u{z))2-^ and Hi{z) = Gi{u{z))2^ . Therefore 
*2(-4|S, -A-B) = Hi^Ho = 2-^G^'^Go2-^ = 2-^$(A, 5)2"^. □ 
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Remark 2.2. Relation (7) is the analogue of relation /(n, t|) = t^^" f (rf , t^^^''^ (nrl)"^''" 
in Theorem 2.2 of [NS]. Here / G F2 is in the image of Gal(Q/Q) Z x F2 F2 (in 
particular, / S F2, the commutator subgroup of F2, and f{x,y)f(y,x) = 1) and p2 G Z 
depends only on / (it is called a Kummer cocycle of / in [NS]). This relation takes place in 
B^, where B3 is the braid group with 3 strands. 

Since f{x, y) G F21 it Hes in the kernel of the morphism F2 Z/2Z, a; i-^- 1, y 1-^ 0, so there 
exists a unique h{X\yo,yi) e F3 such that f{x,y) = h{x^\y,xyx~^). In the same way that 
the map a .f{x,y) corresponds to the KZ associator ^{A,B), the map a 1— > h{X\yo,yi) 
corresponds to '^2{A\bo,bi). 

Let C be the pure braid group with 3 strands. It contains the elements X12 = rf, 
2^23 = T2 and a;i3 = T2rfrj"^; .T12.T13.T23 = a;23a;i3.xi2 generates the center Z{B^) ~ Z of -B3 
and B^/Z^Bj) ~ i^2 is freely generated by the classes of Xi2 and a;23. The relation from [NS] 
is then rewritten h{xi2\x2'i,xiz) = 2;23^/(a;i2,a:23)x^2(2^i2a;i3a;23)~''^, which is a relation in 
K^. The image of this relation in F2 is 

f{x,y)=y-^P^h{x\y, {yx)-^)x-P\ 

(7) is an analogue of this relation. 

2.2. The relation 4>(.4,B) = 4^^2{A\2B,-2{A + B))4^. 
Proposition 2.3. We have 

<P{A, B) = A^^2{A\2B, -2{A + B))A^ (9) 
with the above conventions. 

Proof. 4-2(^125, -2{A + B)) = H^^Ho, where Hq, Si are the solutions of 

with Ho{z) ~ for z ^ 0+, Hi{z) ~ (1 - zf^ when z 1". 

Set u := 4^/(z + l)^. Then (# + |^ - = (# + ^)du. 

As above, it follows that if G{u) is a solution of (6), then H{z) := G{u{z)) is a solution of 
(10). Moreover, the expansions ?i ~ 4^: as z ^ and 1 — it ~ (1 — 2)^/4 as z ^ 1 imply that 
Ho{z) = Go(u(z))4-^ and i?i(-z) = Gi(u(^))4^. Then ^A,B) = Gf^Go = A^H^^HoA"^ = 
4^*2(^|2S,-2(A + S))4^. □ 

Remark 2.4. As before, relation (9) is the analogue of /(n, r|) = t^^^ /{rf ,Ti)T^''^TiTi)-'^P^ 
in Theorem 2.2 of [NS]. 

2.3. The relation *2(ti2 + t34|i23, tu) = 2^-*^^$J;,f '^$i'2,3($i2,3,4)-i_ 

<I>i/2(AB) :=G-/2Go, 

where G1/2 is the solution of (6) such that Gi/2(l/2) = 1. Then Go(l — z) = 9{Gi{z)) and 
^^1/2(1 ~ = ^(G'i/2(-2)), where 9 G Aut(f2) is the exchange of A and B, so Gj~^Gi/2 = 
0($i/2(A,B)-i) = $i/2(S, A)-i. Therefore 

<I>(A,i?) = $1/2(5, A)-i$i/2(AB). 
Recall that ti is the Lie algebra with generators tij, I < i ^ j < 4, with relations tij = tji 
(i j), [tij +tik,tjk] = {i,j,k different) and [tij,tki] = {i,j,k,l different). 

Proposition 2.5. We have 

*2(il2 +i34|i23,tl4) = 2^-*-$ly23.4$l,2,3(^12,3,4)-l_ 

Here Z = Ei<j « « generator of the center of U, $12,3,4 ^ ^^^13 ^^23^^34^^ ^1,2,3 ^ 

$(tl2, i23) and $1'23.4 = $(fi2 + ii3, t24 + t34). 
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As in [NS], this equation imphes the pentagon equation, eUminating ^'2 from it and from 
the equation obtained using the automorphism Uj i—^ 15-^^5- j of {4. 

Proof. The system 

{dzG)G = ( 1 1 -)dz, (du,G)G = ( 1 1 -)dw 

z z — w z — 1 w w — z w — 1 

is known to be compatible. The pentagon identity is estabUshed by considering the pen- 
tagon of asymptotic zones {{Oz)w)l, {0{zw))l, 0{{zw)l), 0(2:(u>l)), (Oz)(wl) in the domain 
{(z, w)|0 < z < w < 1} ([Dr]). We wih cut this pentagon in two quadrangles, one of which 
is {{Oz)w)l, {0{zw))l, {z + w = l,z^ 1/2"), {z + w = l,z^ 0+). 

Let G((02)^)i be the solution which is ~ ^*i2y;«i3+t23 jjj ^^le zone {{Oz)'w)l (i.e., w — > 0, 
z/w 0). 

Let G(o(2w))i be the solution which is ~ {w — 2;)*23y;*i2+ti3 ^j^g 2one {0{zw))l (i.e., 
w 0, z/w — > 1). 
Let 

+u'=i,z^i/2- be the solution which is ^ (1 — 2z)*^-^ when z — > 1/2 and z + w = 1. 
Let G2_|_ui=i,z^o+ be the solution which is ~ z''^^'^^^'^ when z 0"*", z + w — 1. Then 
Gz+w=i,z^o+ = G^(Oz)(wi)) where G(^oz){wi) is the solution which is ~ 0*^^(1 — w)*^* when 
z 0+',w^ 1". 

We know from [Dr] that Gj^^\^^^^^G^(^oz)w)i = Gl(L)w)i^iOz)iwi) = ($i2,3,4)-i^ 

Let us compute G^^^^j-jj^G^+^^i ^^1/2- • If G is a solution of (12), set T{z) := [{w — 
i)-*=='G(2;,u;)]^=^. Then 

(rfr)r-i = (^H±^ + ^Hi±M)rf^, 
2 z — 1 

so [(w - z)-*^3G(o(zt„))i(z,w)]„=^ = Go(2;)i'23.4, [{w - z)-'^^G,+y,=i^,^y2-{z,w)]^=^ = 
G,/2{zy'^^''. Therefore G^o^,^)),G,+^=i,,^i/2- = (<i>r/2)''''''- 

We now compute G~^^^^ ^^^y2-^z+«;=i,z->o+- If G is a solution of (12), set A(^;) := 
G(^,l - z). Then 

/-JA\A-1 /il2 + i34 , ^23 , il3+i24sj 

If we set u := z/{l — z), this equation is 

(dA)A-i = + ^ + ^li:^). 

^ ^ ^ It 77,-1 7i + 1 ' 

Then the expansions u z then z 0, 1 — 77 ~ 2(1 — 2z) when z 1/2 give 
A,+n,,z^o+{z) = Ho{u{z)), K+w,z^i/2-{z) = Hi{u{z))2-^^\ 
where Ho,Hi are the analogues of Hq, Hi for {A, bo, 61) = (ti2 + ^34, i23, ti4 — z). Then 

^2+u,=l,2^1/2-^^+w=l,z^0+ = ^z+u.= l,z^l/2-^^+'^=l,^^0+ = 2*^=*iJi ^i?0 
= 2*^=**(ti2 +t34|i23,il4 - ^) = 2*=3-^^'(fi2 +i34|i23,il4). 

Then 
on the other hand 

^((0(z«)))l^(Oz)(«'l) = (^((0(z«;))l<^z+™=l,z^l/2-)(<^z+«;=l,z^l/2-^(02)(«'l)) 
= ($-/2)l'23,42t23-Z^2(tl2 +t34|t23,tl4). 

The result follows from the comparison of these equalities. □ 
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Remark 2.6. Relation (11) is the analogue of the relation (III') in [NS] 

/(Tir3,T|) = g{Xi5,X5i)f{xi2,X23)f{X34,X45), 

where (A,/) e Z x F2 lies in the image of Gal((Q)/Q) and g(x.y) e F2 is defined by 
g{y,x)~^g{x,y) = f{x,y). This relation takes place in the uncolored mapping class group 
ro,[5] of a surface of genus with 5 marked points; here Tj, Xij are the images of the standard 
elements of the braid group with 5 strands under the morphism S5 ^a.[5] (recall that 

nn+lTi = TiTi+iTi, TiTj = TjTi if \i - j\ > 2, Xij = T,_i . . .Ti+irf (t,_i . ..Tj+i ) if i < j, 

Xji = Xij). Indeed, rl = X34, (nra)^ = 0:12X34 and (riT3)T|(riT3)~-^ = a;^/a;i4a;24, so that 
/(titsjtI) = /i(a;i2a;34|x23,a;24^a;i4a;24), hence (IIP) is rewritten as 

/i(a;i2a;34|a;23, a;24^ 2:14x24) = g{xi5, X5i)/(xi2, X23)/(x34, X45) 
which is now an equation in the colored mapping class group To, 5. Now X45 = X12X13X23 
and X51 = X23a;24X34, so 5(^45, X51) = X23ff(a;i2Xi3, X24X34), where a € Z, and /(x34,X45) = 
/(X34, X13X23) (no X12 comes out since / G ^"2)) ^.nd using f{x,y) = f{y,x)~^ the equation 
is rewritten as 

/l(xi2X34|X23, ^^4X14X24) = X23S'(X12X13, X24X34)/(xi2, X23)/(xi3X23, X34)~^ 

(13) 

This is an equality in the image of the morphism X4 To, 5, where Kj^ is the pure 
braid group with 4 strands. This image is the quotient of Kj^ by its center, generated 
by X12X13X14X23X24X34. So the image of (11) in cxp(t4/CZ) is the analogue of (13). 

The sense in which the relations of this section are analogous to relations in [NS] can be 
precised as in [Dr]. 
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